Abstract. A Cayley graph Γ = Cay(G, S) is said to be normal if G is normal in AutΓ . The concept of normal Cayley graphs was first proposed by M.Y.Xu in [Discrete Math. 182, 309-319, 1998] and it plays an important role in determining the full automorphism groups of Cayley graphs. In this paper, we investigate the normality problem of the connected arc-transitive pentavalent Cayley graphs with soluble vertex stabilizer on finite nonabelian simple groups. We prove that all such graphs Γ are either normal or G = A 39 or A 79 . Further, a connected arctransitive pentavalent Cayley graph on A 79 is constructed. To our knowledge, this is the first known example of pentavalent 3-arc-transitive Cayley graph on finite nonabelian simple group which is non-normal.
Introduction
All graphs are assumed to be finite, simple and undirected.
Let Γ be a graph. We use V Γ , EΓ and AutΓ to denote the vertex set, edge set and automorphism group of Γ , respectively. Denote valΓ the valency of Γ . Let X ≤ AutΓ and let s be a positive integer. The graph Γ is said to be (X, s)-arc-transitive, if X acts transitively on the set of s-arcs of Γ , where an s-arc is an (s + 1)-tuple (v 0 , v 1 , · · · , v s ) of s + 1 vertices satisfying (v i−1 , v i ) ∈ EΓ and v i−1 = v i+1 for all i. The graph Γ is called (X, s)-transitive if it is (X, s)-arc-transitive but not (X, s + 1)-arc-transitive. In particular, an (AutΓ , s)-arctransitive or (AutΓ , s)-transitive graph is just called s-arc-transitive or s-transitive graph; and 0-arc-transitive graph is called vertex transitive graph, 1-arc-transitive graph is called arc-transitive graph or symmetric graph.
Let G be a finite group with identity 1, and let S be a subset of G such that 1 ∈ S and S = S −1 := {x −1 | x ∈ S}. The Cayley graph of G with respect to S, denoted by Cay(G, S), is defined on G such that g, h ∈ G are adjacent if and only if hg −1 ∈ S. Then Cay(G, S) is a regular graph of valency |S|. It is well-known that Γ is connected if and only if S = G, that is, S is a generating set of the group G. For a Cayley graph Cay(G, S), the underlying group G can be viewed as a regular subgroup of AutCay(G, S) which acts on G by right multiplication. Conversely, a graph Γ is isomorphic to a Cayley graph if and only if AutΓ has a regular subgroup, refer to [1, Proposition 16.3] .
Let Γ = Cay(G, S) be a Cayley graph. Set
Then Aut(G, S), acting on G naturally, is a subgroup of AutΓ . If Γ is connected, then Aut(G, S) acts faithfully on S and lies in the stabilizer of the vertex corresponding to the identity of G. Moreover, the normalizer N AutΓ (G) equals to the semi-directed product G:Aut(G, S), see [8] .
A Cayley graph Γ = Cay(G, S) is said to be normal if G is normal in AutΓ , that is, AutΓ = G:Aut(G, S), refer to [17] ; otherwise, Γ is called non-normal. Thus, for a connected normal Cayley graph Γ = Cay(G, S), the group Aut(G, S) is just the stabilizer in AutΓ of the vertex corresponding to the identity of G.
In this paper we consider connected arc-transitive pentavalent Cayley graphs.
The concept of normal Cayley graphs was first proposed by M.Y.Xu in [17] and it plays an important role in determining the full automorphism groups of Cayley graphs. The Cayley graphs on finite nonabelian simple groups are received most attention in the literature. For example, X.G.Fang, C.E.Praeger and J.Wang [5] gave a general description of the possibilities for the automorphism groups of connected Cayley graphs on a finite non-abelian simple group. Then some further work focuses on the small valencies because the precise structure of the vertex stabilizer of arc-transitive cubic, tetravalent and pentavalent graphs was determined by a series of papers. Let Γ = Cay(G, S) be a connected arc-transitive Cayley graph on a finite nonabelian simple group G. For the cubic case, C.H.Li [10] proved that only 7 groups are exceptions for Γ being not normal; on the basis of C.H.Li's result, S.J.Xu et al. [18, 19] proved that all such Γ are normal except two 5-transitive Cayley graphs of the alternating group A 47 , and so a complete classification of cubic s-transitive non-normal Cayley graphs of finite simple groups was given. For the tetravalent case, X.G.Fang, C.H.Li and M.Y.Xu in [4] proved that most of such graphs are normal except a list of possible G. Recently, J.J.Li, J.C.Ma and the first author of the present paper in [12] proved that all s-regular Γ (that is, AutΓ acts regularly on its s-arc set) are normal except the case G = A 35 , and a 3-arc-transitive non-normal Cayley graph on A 35 was constructed. Further, X.G.Fang, J.Wang and S.M.Zhou in [6] proved that all 2-transitive Γ are normal except two graphs on M 11 . For the pentavalent case, J.X.Zhou and Y.Q.Feng in [20] proved that all 1-transitive Γ are normal, and in [13] the authors of the present paper constructed a 2-arc-transitive non-normal Cayley graph on A 39 . More results about normality of Cayley graphs we refer the reader to a survey paper in [7] .
Examples of connected arc-transitive non-normal cubic, tetravalent and pentavalent Cayley graphs on nonabelian simple groups are very rare (the known examples are only the above mentioned graphs on A 47 , M 11 , A 35 and A 39 ), we concentrate on the pentavalent case in this paper. In particular, we construct a connected 3-arctransitive non-normal pentavalent Cayley graph on A 79 in Construction 4.1. It is shown in [11] that 3-arc-transitive Cayley graphs of any given valency are rare.
The aim of this paper is to investigate the normality problem of the connected arc-transitive pentavalent Cayley graphs with soluble vertex stabilizer on finite nonabelian simple groups. Our main result is the following theorem. Theorem 1.1. Let G be a finite nonabelian simple group, and let Γ = Cay(G, S) be an arc-transitive pentavalent Cayley graph on G. Then the following statements hold. (b) The connected 3-arc-transitive non-normal pentavalent Cayley graph on A 79 in part (2) constructed in Section 4 is the first known example in 3-arc-transitive case.
Preliminaries
We give some necessary preliminary results in this section. The first one is a property of the Fitting subgroup, see [16, P. 30 , Corollary].
The next lemma is about primitive permutation groups of degree less than 80, refer to [15] . Lemma 2.2. Let T be a primitive permutation group on Ω and let K be the stabilizer of a point w ∈ Ω. If T is a nonabelian simple group and |Ω| divides 80, then (T, K, |Ω|) is one of the following Table 1 . Lemma 2.3. Let T be a non-abelian simple group which has a subgroup L of index dividing 2 5 ·3 2 . Then T , L and n := |T : L| are given in the following Table 2 .
We next introduce the definition of coset graph. Let G be a finite group and let H be a core-free subgroup of G. Define the coset graph Cos(G, H, g) of G with H, g ) is G-arc-transitive graph and
Conversely, each G-arc-transitive graph Σ is isomorphic to the coset graph
For a graph Γ and a vertex-transitive subgroup X ≤ AutΓ . Let N be an intransitive normal subgroup of X on V Γ . Denote V N the set of N-orbits in V Γ . The normal quotient graph Γ N defined as the graph with vertex set V N and two N-orbits B, C ∈ V N are adjacent in Γ N if and only if some vertex of B is adjacent in Γ to some vertex of C. By [14, Theorem 9], we have the following lemma.
Lemma 2.5. Let Γ be an arc-transitive graph of prime valency p > 2 and let X be an arc-transitive subgroup of AutΓ . If a normal subgroup N of X has more than two orbits on V Γ , then Γ N is an X/N-arc-transitive graph of valency p and N is semiregular on V Γ .
The following lemma is about the stabilizers of arc-transitive pentavalent graphs, refer to [9, 20] . (a) If G α is soluble, then s ≤ 3 and |G α | 80. Further, the couple (s, G α ) lies in the following Table 3 .
Further, the couple (s, G α ) lies in the following Table 4 . 
, which is also a contradiction. Thus, d = 1 and N = T is a nonabelian simple group. Then T = GT v , T v = 1 and |T v | divides 80. Since T has the proper subgroup G with index dividing 80, we can take a maximal proper subgroup K of T which contains G as a subgroup. Let Ω = [T : K]. Then |Ω| divides 80 and T has a primitive permutation representation on Ω, of degree n := |Ω|. Since T is simple, this representation is faithful and thus T is a primitive permutation group of degree n. Note that K is the stabilizer of a point w ∈ Ω, that is, K = T w . Since T is nonabelian simple, n > 4. Consequently, by Lemma 2.2, we have (T, K, |Ω|) is listed in Table 1. Assume that (T, K, |Ω|) = (PSL(4, 3), Z A 19 , 20) or (A 10 , A 9 , 10) . Thus, we have G = A 39 or A 79 , the lemma holds.
The following lemma consider the case A has a nontrivial soluble normal subgroup. We first show that d = 1. LetḠ = GM/M. ThenḠ ∼ = G is a nonabelian simple group. SinceN ∩Ḡ ✂Ḡ, we haveN ∩Ḡ = 1 orḠ. IfN ∩Ḡ = 1, then |N| divides 80, which is a contradiction sinceN is insoluble. HenceḠ ≤N. SinceḠ is simple, |Ḡ| must divide the order of some composition factor ofN , that is, |Ḡ| |T 1 |. If d ≥ 2 then |T 2 | divides |N :Ḡ| which divides |Āv|, which is not possible sinceĀv is a {2, 5}-group and T 2 is simple, wherev ∈ VΓ . Therefore, d = 1 andN is a nonabelian simple group. This argument also proves thatN is the unique insoluble minimal normal subgroup ofĀ. ThusN char A and N char A. Let R = O 2 (M). Then R char M char A. Let B = RG. We claim that B is not normal in A. Suppose to the contrary that B is normal in A. Then B
Assume that G does not centralize R. Since R ✂ B, we have that B/C B (R) is isomorphic to a subgroup of Aut(R). Since G is nonabelian simple, it follows that |R| ≥ 8 and so |M/R| ≤ 80/8 = 10. Therefore Aut(M/R) is soluble. Since N/R = (M/R) : (RG/R) and RG/R ∼ = G is nonabelian simple, we have RG/R centralizes M/R, and so N/R = (M/R)×(RG/R). It follows that RG/R char N/R, RG char N ✂A, which is a contradiction to the conclusion in the previous paragraph.
Thus G centralizes R. Since G does not centralize M, R = M. Since |R| ≥ 4, it follows that |M/R| 20, and so Aut(M/R) is soluble. Similar arguments to the previous paragraph lead to RG ✂ A, a contradiction. Take x 1 ∈ G as follows: Proof. Let ∆ = {1, 2, . . . , 80} and consider the natural action of X on ∆. By Magma [2] , H, x 1 = X, and so Σ is connected by Lemma 2. Furthermore, it is easy to see that H is transitive on ∆ and so is regular on ∆. Hence X has a factorization X = GH = HG with G ∩ H = 1. Therefore, Σ is isomorphic to a Cayley graph of G = A 79 . Further computation shows that |H| |H∩H x 1 | = 5. By Lemma 2.4 (1) we have that Σ is pentavalent. Since H ∼ = (Z 5 :Z 4 )×Z 4 , we have Σ is 3-arc-transitive by Lemma 2.6. Since X is simple, G is not normal in X ≤ AutΣ. Thus Σ is non-normal. Let x 2 , x 3 and S define as in
